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Abstract: The X  chart is used to monitor the process mean while range (R) and S charts 
are used to monitor the process standard deviation. But when it is required to monitor the 
changes in both mean and standard deviation of the process, the joint X  and R charts 
should be used simultaneously for better results. The design of modified joint X  and R 
chart is based upon the sum of Chi-squares theory and it may be used for medium sample 
sizes. The performance of modified joint chart is compared with joint Shewhart chart for 
sample sizes of five. It is found that the joint modified X  and R chart outperforms the 
joint Shewhart X  and R chart at all the levels of correlation and process shifts in the mean 
and standard deviation. It is observed that the performance of joint chart deteriorates as 
the level of correlation increases. The simplicity in the design of the modified joint X  and 
R chart makes it suitable for the industries where the data are positively correlated.  

                Keywords: Modified joint X  and R chart, sum of chi-squares theory, sample size, 
warning limit, level of correlation 

1.  Introduction 

Autocorrelation among the observations can have significant effect on the performance of 
a control chart. The detection of special cause/s in the process may become very difficult 
in such situations.  Usually, X chart is employed to monitor the process mean while the R 
chart is used to monitor the process variance. Therefore, it seems reasonable to investigate 
the performance of joint X  and R charts by using any technique. The joint X  and R chart 
will definitely be more effective than employing single X  or R chart as suggested by 
Shewhart [1] and Montgomery [2] etc. The design and comparisons of modified joint X  
and R charts are presented in this paper. The real or assignable cause/s present in the 
process may lead to shift in the process mean or dispersion. For many processes; the 
observations are correlated and when this correlation build-up automatically in the entire 
process, it is known as autocorrelation. Normally, it is assumed that the observations from 
the process output are independent and identically distributed (IID) but if these 
observations are serially correlated, the performance of control charts will be suspected 
because of more number of false alarms (type I error). Autocorrelation is inherent to many 
processes like: (i) Chemical process - due to inertia of large batches, continuous flow of 
material and feedback and feed-forward process control systems. (ii) Manufacturing 
Processes - due to computer control of production equipments and downstream pooling of 
the multiple stream processes. (iii) Service processes - as described in queuing theory, 
waiting times for customers are often influenced by the waiting time of the previous 
customers.  
     It is observed by the various researchers that the autocorrelation exists in the process 
output of the industries. Maragah and Woodall [3] provided results on the effect of 
autocorrelation on the performance of the Shewhart individuals control chart. Alwan and 
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Roberts [4] found that more than 70% of the studied processes subject to change detection 
in quality control are autocorrelated. Moreover, in practice the positive type 
autocorrelation is more prevalent compared to the negative type. Many researchers have 
proposed joint X and R charts but at the cost of simplicity. So joint modified X  and 
R chart, based on sum of Chi-squares theory is proposed and discussed in this paper.  

2.  Literature Review 

Various efforts have been made by the researchers to work on various alternative fuels 
and Table 1A shows the summary of researchers’ contribution in Appendix A. Theory and 
formulation of modified chart is discussed in the following section.  

3.   Modified Joint X  and R Chart 

In this paper, a new joint X  and R chart is proposed which is more efficient compared to 
joint Shewhart chart but simpler to use at shop floor level. The samples are taken on 
random basis from the process. The sample means and sample ranges will be plotted on 
modified X and R charts, using warning and control limits.  
     In Shewhart chart, only two control limits are used to arrive at a decision to accept 
NULL hypothesis (H0) or Alternate hypothesis (H1). But in the proposed chart, two more 
limits known as warning limits at ‘K’ times sample standard deviation have been 
introduce on both sides of center line. The control limits in proposed chart are also 
assumed at ‘L’ times sample standard deviation on both sides from center line. Modified 
X  and R chart divides the plot area into 3 regions namely (i) Outright rejection region (ii) 
Outright acceptance region and (iii) Transition region.  
     An observation (point) may fall in any one of the region of the joint chart. When a 
point falls in ‘outright rejection region’, it can be safely concluded that the parameters 
under study, either process mean or standard deviation has shifted from the target value. 
This situation leads to accept the Alternate hypothesis (H1). Similarly, if a point falls in 
‘outright acceptance region’, the NULL hypothesis may be accepted.  If any sample point 
falls beyond the warning limits and within control limits, evaluate the statistic, ‘U’ as 
defined in Equation (A) for preceding ‘H’ samples (history). The statistics,                      

                         ‘U’ = ∑=

H

i 1 ∑ =

n

j 1
((xij – μ0)/ σ0))2                               (1)                                  

where Xij = individual measurement of jth observation of sample, i,                             
            μ0 = target mean, σ0 = target standard deviation, H= history and n= sample size. 
     If the calculated value of statistic, ‘U’ is greater than tabulated value (U*), it may be 
assumed that process has gone out of control, otherwise the warning may be ignored.  
Detailed derivation for computing theoretical ARLs is shown in Prajapati and Mahapatra 
(2007).  

3.1  Formulation of Autocorrelated Observations 

In case of the autocorrelated series of observation, each individual observation is assumed 
to be dependent upon the previous observation. A series of positively autocorrelated 
numbers from standard normal distribution with a mean of zero and standard deviation of 
one is generated, using the MATLAB 6.5 software at various levels of correlation (Φ). 
Assuming N pairs of observations on two variables x and y.  
The correlation coefficient between x and y is given by Equation (2). 
                                 r =  ∑ (xi - )(yi - ) / [∑ (xi - )2]1/2[∑(yi - )2]1/2                            (2) 
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where xi = ith observation of x-series,  yi = ith observation of y-series,   x  = mean of x 
series, and y  = mean of y series 

3.2   Procedure of Modified Joint X  and R chart 
Modified X chart based on the sum of chi-squares and using the warning limits is 
developed in this paper. Its performance in terms of ARLs is evaluated for different 
sample sizes (n) at various levels of correlation (Φ). For a particular sample size (n); 
various schemes of modified X  chart are developed at different level of correlation (Φ) 
by maintaining the in-control ARL of approximately 500 by varying the width of control 
limits (K) and warning limits (K) simultaneously.  Data have been simulated with the help 
MATLAB 6.5. The autocorrelated numbers are generated from the series of data, taken 
from the standard normal distribution i.e. mean of zero and standard deviation of one. 
Next section deals with the calculations of the warning and control limits of the modified 
joint X  and R chart for sample size of five. 

3.3  Warning and Control Limits for Modified Joint X  and R Chart  

For sample size of ‘n’, the parameters of the proposed chart: history (H), L, K and U* can 
be selected to keep the false alarms (in-control ARL) to specific value. Both the charts 
(joint Shewhart X  and R chart and modified joint X  and R) are designed for the in-
control ARLs of 500, so values of parameters: L, K, H and U* are selected in such a way 
so that the in-control ARL of 500 for both the joint charts can be maintained. Following 
parameters are considered to compute the warning and control limits: 

• Sample size (n) = 5, History (H) = 4 and Level of correlation (Φ) = 0.00 
• Target mean  (μ0)  = 0.00, Target standard deviation (σ0) = 1.00, Factor d2 

=2.326,  
• Factor D4 = 2.11, Factor D3 = 0, The width of control limits (L) = 3.5,  
• The width of warning limits (K) = 2.5, Length of previous history (H) = 4 
• Degrees of freedom (v) = n×H = 5×4 =20, 
• Standard value of chi square max (U*) at 95% confidence level = 31.4  

      X  Chart 

• Upper Control limits (UCLx)  = X + L× σ0/√n  = 1.57 

• Lower Control limits (LCLx) = X - L×  σ0/√n  =  -1.57 = 0.0 (negative value of 
LWLR may be assumed to zero)  

• Upper warning limits (UWLx ) = X + K× σ0/√n = 0.984 

• Lower warning limits (LWLx) = X  - K× σ0/√n = -0.984 = 0.0 (negative value of 
LWLx may be assumed to zero)  

     R Chart 

• R  = d2* σ0 = 2.326 

• Estimate of standard deviation ( ∧

σ R
)  = 0.442× R   = 1.03, 

• Upper Control limits (UCLR)  = R + L× ∧

σ R
 = 5.93, 
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• Lower Control limits (LCLR) = R - L× ∧

σ R
 = -1.3 = 0.0  (negative value of 

LCLR may be assumed to zero)  

• Upper warning limits (UWLR)  = R + K× ∧

σ R
 = 4.592,  

• Lower warning limits (LWLR)  = R - K× ∧

σ R
 = 0.06, 

When the value of either X  or range (R) falls beyond the upper and lower control limits, 
it may be assumed that the process has gone out of control. But when a point falls between 
warning and control limits on either X  or R chart, action should not be initiated 
immediately, but statistic ‘U’ is required to be evaluated. To conclude that for process to 
be under control with certain degree of freedom, it is required that ‘U’ should not exceed 
some predefined value (tabulated value of chi-square). In this case, for a sample size of 5 
and for history (H) of 4 preceding samples, ‘U’ can be evaluated as given in Equation 1.  
             The maximum value of chi-square distribution with 20 degrees of freedom and 
confidence level of 95%, U* = 31.4.  If ‘U’ exceeds 31.4 with 95% confidence level, it 
cannot be guaranteed that the process actually has a mean of μ0 and standard deviation of 
σ0. Thus the process may be assumed to be out of control.   

Next section deals with the design of modified joint X and R and joint Shewhart      
( X  and R) chart for sample size of five.  

4.  Performance of Joint Shewhart and Modified Joint X  and R Charts  

The false alarm rate (in-control ARL) of 500 is maintained for both the charts. The target 
mean (μ0) and target standard deviation (σ0) are considered as zero and one respectively. 
The performance of the modified joint X  and R chart in terms of average run lengths 
(ARLs) is studied and compared with the Joint Shewhart X and R chart for sample size of 
five at the level of correlation of 0.00. In case of the modified X  and R chart; the width of 
the control and warning limits of X  chart are taken as 3.50 and 2.50 respectively while 
the width of the control and warning limits of R chart are taken as 3.55 and 2.50 
respectively. In control ARLs of 500 is maintained for both the charts. The comparison of 
performance of both the charts for sample size of five at the zero level of correlation ( Φ= 
.00) is presented in Table 1.  

Table 1: ARLs of Shewhart and Modified Joint X  and R Charts at Φ = 0.00 
Shift            
in σ 

Shift in μ  
Charts  0.00 0.50 0.75 1.00 1.50 1.75 2.00 2.5 3.0 

1.00 JM  500.0 154.5 82.2 44.0 10.4 6.0 3.4 1.9 1.6 
JS 500.0 285.7 163.9 105.0 32.2 19.2 13.3 5.7 2.9 

1.50 JM  4.1 3.6 3.2 3.0 2.4 1.9 1.6 1.3 1.1 
JS 8.9 8.2 7.9 6.9 5.2 4.6 3.3 2.0 2.6 

2.00 JM 1.4 1.4 1.3 1.3 1.2 1.2 1.2 1.1 1.0 
JS  2.4 2.4 2.3 2.1 1.9 1.8 1.7 1.6 1.3 

2.50 JM  1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 
JS 1.4 1.4 1.4 1.3 1.2 1.2 1.2 1.1 1.0 

3.00 JM  1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 
JS 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 

Legend:  JM: Joint Modified;  JS: Joint Shewhart 
The ARLs of modified joint X  and R chart is compared with the Joint Shewhart X and R 
chart for sample size of five at the level of correlation of 0.50. In case of the modified X  
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and R chart; the width of the control and warning limits of X  chart are taken as 3.50 and 
2.65 respectively while the width of the control and warning limits of R chart are taken as 
3.70 and 3.50 respectively. In control ARLs of 500 is maintained for both the charts. The 
comparison of performance of both the charts for sample size of five at Φ = 0.50, is 
presented in Table 2. 

Table 2: ARLs of Shewhart X  and R and Modified Joint X  and R Charts at Φ = 0.50 
 

Shift in  σ   Shift in  μ  
Charts  0.00 0.50 0.75 1.00 1.50 2.00 2.5 3.0 

1.00 JM  500.0 245.5 110.5 62.4 14.5 6.2 2.9 2.2 
JS 500.0 333.3 243.9 138.8 56.5 22.7 11.2 5.8 

1.50 JM  6.6 6.3 6.0 5.1 3.7 2.8 2.4 1.6 
JS 9.1 8.8 8.6 8.2 6.5 5.5 4.4 3.4 

2.00 JM 1.9 1.8 1.8 1.7 1.6 1.5 1.3 1.1 
JS  2.5 2.4 2.4 2.4 2.2 2.0 1.8 1.7 

2.50 JM  1.2 1.2 1.1 1.1 1.1 1.1 1.1 1.0 
JS 1.5 1.5 1.4 1.4 1.3 1.3 1.2 1.1 

3.00 JM  1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 
JS 1.1 1.1 1.1 1.1 1.0 1.0 1.0 1.0 

        Legend:  JM: Joint Modified;   JS: Joint Shewhart 

Similarly, the comparison of performance of both the charts for sample size of five at the 
level of correlation (Φ) of 1.00 is presented in Table 3.  

Table 3: ARLs of Shewhart and Modified joint X  and R Charts at Φ = 1.00 
Shift in  σ   Shift in μ 

 
Charts  0.00 0.50 0.75 1.00 1.50 2.00 2.5 3.0 

1.00 JM  500.0 303.3 202.5 108.1 50.1 21.1 10.5 5.2 
JS 500.0 377.8 312.5 236.7 122.2 46.5 17.8 10.5 

1.50 JM  9.5 9.0 9.0 7.6 6.5 5.0 3.5 2.9 
JS 10.0 10.0 10.0 9.2 7.5 6.1 4.2 3.5 

2.00 JM 2.5 2.4 2.4 2.3 2.3 2.0 1.8 1.7 
JS  2.7 2.6 2.6 2.5 2.3 2.1 1.9 1.7 

2.50 JM  1.5 1.4 1.4 1.4 1.3 1.2 1.2 1.1 
JS 1.6 1.5 1.5 1.5 1.5 1.3 1.2 1.2 

3.00 JM  1.1 1.1 1.1 1.0 1.0 1.0 1.0 1.0 
JS 1.2 1.2 1.2 1.1 1.1 1.1 1.0 1.0 

         Legend:  JM: Joint Modified;   JS: Joint Shewhart 

Following facts are summarized from the Tables 1, 2 and 3. 
I. The modified joint X  and R chart gives quick response compared to joint 

Shewhart X  and R chart for sample size of five at all the levels of correlation for 
all the shifts in the process mean or standard deviation. Thus, the modified joint 
X  and R chart is suggested over the joint Shewhart X  and R chart. 

II. The performance of both the charts deteriorates for sample size of five also when 
the level of correlation increases; but the modified joint X  and R chart has less 
effect of correlation compared to joint Shewhart chart. 

    The comparison of the modified joint chart with the joint chart proposed by Prajapati 
and Mahapatra (2007) for sample size of 5 is discussed in the next section.  
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4.1  Performance Comparisons  

Prajapati and Mahapatra (2007) suggested a proposed joint X  and R chart to monitor the 
process mean and variance simultaneously. They suggested a very simple and effective 
design of proposed joint X  and R chart to monitor the process mean and standard 
deviation. They computed and compared the average run lengths (ARLs) with the variable 
sample size (VSS), variable sampling interval (VSI), and variable sample size and 
sampling interval (VSSI) joint schemes, proposed by Costa (1999). The theory of their 
joint chart is also based upon the sum of chi-squares but they didn’t consider the 
autocorrelation. 
     The false alarm rate (in-control ARL) of 500 is maintained for both the charts. The 
target mean (μ0) and target standard deviation (σ0) are considered as zero and one 
respectively. The comparison of performance of modified join X  and R chart (with 
correlation) with joint X  and R chart (without correlation); proposed by Prajapati and 
Mahapatra (2007) for sample size of five at the levels of correlation (Φ) of 1.00 is 
presented in the Table 4.  

Table 4: ARLs Comparison between Joint Charts for n = 5 at Φ = 1.00 

  Legend:  JCWC: Joint chart without correlation; MJCWC: Modified Joint chart with correlation 
 Following observations can be made from the Table 4: 

I. In-control ARLs of 500 is maintained for both the charts for sample size of 5 at the 
levels of correlation of 1.00. 

II. At each level of correlation and shifts in process mean and standard deviation, the 
joint chart (without correlation) outperforms the joint modified X and R chart (with 
correlation).  

III. The modified joint X  and R chart (with correlation) performs almost similar to the 
Joint chart (without correlation) for the larger shifts in the process mean and 
standard deviation. 

5.  Conclusions 

The modified joint X  and R chart for various levels of correlation is designed and 
presented in this paper. The performance of the joint modified X  and R chart is measured 
in terms of average run lengths (ARLs). The ARLs are computed for sample size of 5; 
using MATLAB software. It is found that for a particular sample size, when the level of 
correlation (Φ) increases, the performance of the joint X  and R chart deteriorates. The 
performance of the joint modified X  and R chart is compared with the joint X and R 

Shift in  σ   Shift in  μ 0.00 0.50 1.00  1.50 2.00 

1.00 Charts    
JCWC 500 210 45 10.8 3.6 

1.50 MJCWC 500 254.7 108 50 21 
JCWC 3.24 2.99 2.52 2.11 1.71 

2.00 MJCWC 9.5 9.0 7.6 6.5 5.0 
JCWC 1.46 1.46 1.41 1.35 1.29 

3.00 MJCWC 2.5 2.4 2.3 2.3 2.0 
JCWC 1.08 1.07 1.07 1.07 1.06 

 MJCWC 1.1 1.1 1.1 1.1 1.1 
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chart (without correlation), suggested by Prajapati and Mahapatra (2007) at different shifts 
in the process mean and standard deviations and at the levels of correlation of 1.00.   
     It is observed that the joint modified X  and R chart (without correlation) outperforms 
the joint X  and R chart (with correlation) for all the shifts in the process mean and 
standard deviations and at the levels of correlation of one. The simplicity in the design of 
the joint modified X  and R chart for various levels of correlation makes it suitable for the 
industries; where the data are correlated.  
Acknowledgement: Authors would like to thank the anonymous referees who helped to 
improve the paper.  
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Appendix A 
Table 1A: Summary of Earlier Contributions 

Ref. No. Contribution 
[5] Observed that even a moderate level of autocorrelation can have a significant effect on the 

performance of control charts. They proposed a combination of charts for monitoring the 
process mean and variance simultaneously.  

[6] Studied the performance of joint X  and R charts with variable sample size (VSS) and variable 
sampling intervals (VSI) and variable sample sizes and sampling intervals (VSSI).  

[7] Considered the joint CUSUM chart to monitor the mean and variance of the process 
simultaneously. They proposed the statistic of control chart which enables the user to monitor 
both changes of the mean and variance simultaneously for normally distributed 
characteristics. 

[8] Proposed a joint   and R chart to monitor the process mean and variance simultaneously. They 
suggested a very simple and effective design of proposed joint   and R chart to monitor the 
process mean and standard deviation and compared their scheme with Costa (1999).  

[9] Proposed a minimum loss cost model for the joint economic design of an X chart and an s-
control chart for monitoring both the process mean and variance simultaneously. They stated 
that when the failure mechanism obeys a Weibull shock model, the length of the sampling 
interval should vary with the age of the system.  

[10] Found that the control charts based on generalized likelihood ratio test (GLRT) are attractive 
from both theoretical and practical points of view. They proposed a new control chart which 
integrates the exponentially weighted moving average (EWMA) procedure with the GLRT 
statistics to monitor the process.  

[11] Proposed traditional approach to monitor both the location and the scale parameters of a 
quality characteristic is to use two separate control charts. In their research, EWMA-based 
control chart that plots only one statistic at a time was proposed to simultaneously monitor the 
mean and variability with individual observations.  

[12] Presented a new method based on a fuzzy inference system for determining shifts in the 
process. They compared the performance of the proposed method with that of Shewhart 
control charts by evaluating Type II error 

[13] Proposed a single distribution-free Shewhart-type chart for monitoring the location and the 
scale parameters of a continuous distribution when both of these parameters are unknown. 
The influence of the reference sample size was also examined.  

[14] Compared the effectiveness and robustness of nine typical control charts for monitoring both 
process mean and variance, including the most effective optimal and adaptive sequential 
probability ratio test (SPRT) charts.  

[15] Used the Markov approach for modeling the auto-correlated data. They used the copula 
approach to make the joint distribution of two auto-correlated binary data series. Finally, they 
developed a CUSUM chart, based on joint distribution.  

[16] Proposed an adaptive absolute cumulative sum chart (called the adaptive ACUSUM chart) for 
statistical process control. Their new development includes the variable sampling interval 
(VSI), variable sample size (VSS) and sampling interval versions.  

[17] Studied, analyzed and compared the behavior of the CUSUM and EWMA charts, using sum 
of chi-square theory at the various levels of correlation (Φ). 

[18] Explored multi-objective models as an alternative for the Shewhart chart, using statistical 
criterion, an economic criterion and a joint economic-statistical criterion. They provided a set 
of optimal solutions rather than a single optimal solution which allow the user to tailor their 
solution to the temporal imperative of a specific industrial situation.  

 


